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Abstract
The microcanonical multifragmentation model from [Al. H. Raduta and Ad.
R. Raduta, Phys. Rev. C 55, 1344 (1997); 56, 2059 (1997); 59, 323 (1999)]
is used for evaluating the free volume corresponding to the primary break-up
in two freeze-out hypotheses: ρ = ρ0/3 (SMM like) and ρ = ρ0/6.59 (micro-
canonical like) for three source nuclei: (70,32), (130,54), (190,79). Plateau-
like regions and even backbendings of the free-volume versus excitation en-
ergy are evidenced (for all cases except (130,54) and (190,79) at ρ = ρ0/3)
in the transition-like region characterized by a nearly constant nuclear tem-
perature. Important differences from the free volume curves employed in
SMM are pointed out indicating some physical inconsistencies of the usual
parametrization of the above-mentioned model.
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Presently, an important amount of nuclear research is focused on multifragmentation.
Due to the resemblance between the van der Waals forces and the nucleon-nucleon interac-
tion, signals of liquid-gas phase transition are searched in highly excited nuclear systems.
For this purpose one usually analyses the shape of the caloric curve [T (E∗)]. In 1995 the AL-
ADIN collaboration reported the first experimental evaluation of the nuclear caloric curve.
The large plateau evidenced at 5 MeV temperature [1] indicating the possible occurrence of
a first order phase transition in nuclear matter stimulated further theoretical and experimen-
tal work (e.g. [2,3]). As proven by numerous theoretical approaches, nuclear temperature as
well as other multifragmentation observables are strongly dependent on model assumptions.
Due to their high excitation, the nuclear systems currently involved are supposed to be sta-
tistically equilibrated. It is then clear that a microcanonical ensemble strictly obeying the
physical conservation laws is the appropriate option for describing the phenomenon. Two
important statistical models, SMM [4] and MMMC [5], tried to approach the microcanoni-
cal ensemble. However, as previously commented [6], in spite of their success in describing
experimental data, none of them rigorously follows the microcanonical rules (microcanonical
weights and constraints). In fact, in many respects (one of which being the caloric curve)
their predictions differ sensibly. It is well-known that while SMM generally used freeze-out
density parameter is of the order of ρ0/3 [4], ρ0 being the normal nuclear density, in the case
of the MMMC model, values of about ρ0/6− ρ0/7 are preferred [5]. Which is the origin of
the necessity for using such different freezing volumes is a naturally rising question. These
aspects are very important since the interpretation of experimental data (especially in sen-
sitive matters like the caloric curve) is strongly dependent on the employed model. This
way the encountered problems are to a certain extent (depending on the accuracy of the
used model) circular. Obviously, a rigorous microcanonical model would solve most of the
dilemma. Here the sharp microcanonical model proposed in [7] is a good candidate. The
model sharply conserves the mass, the charge, the total center of mass (c.m.) energy and
the total c.m. momentum. The statistical weight of any configuration (defined by the mass,
the charge, the position and the excitation energy of each fragment from a fragmentation
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event - see Refs. [7]) is exactly expressed analytically. The mean value of any observable of
the system can be evaluated by means of a Metropolis-type exploration of the configuration
space. The model proved the ability of obtaining the plateau-like behaviour of the 1995
ALADIN caloric curve [1] and after some refinements (inclusion of the discrete energy levels
of the fragments for A ≤ 6, a correction of the level density formula and inclusion of the
sequential secondary decays of the fragments) the model is excellently fitting the ALADIN
updated caloric curve [8]. Typical values of freeze-out density used in this model are around
ρ0/6− ρ0/7.
This model is used herein to evaluate the mean free-volume of the fragments correspond-
ing to a sharp microcanonical multifragmentation process. Using the SMM notations the
freeze-out volume writes: V = V0(1 + κ), where V0 is the volume of the source nucleus at
normal nuclear density and κ is a parameter which in the SMM model usually takes the
value 2. Due to geometrical reasons the free volume of the fragments is different from V0κ.
The conditions of fragments nonoverlapping and of non-intersection between the fragments
and the walls of the spherical recipient are drastically lowering the free volume from the
above mentioned value. Since an exact calculation of the free volume in a fragmentation
channel is rather difficult, the semiempirical formula is employed in SMM:











where A0 is the mass number of the source nucleus, r0 = 1.2 fm, M is the total fragment
multiplicity in one fragmentation channel and d is the nuclear diffuseness which usually is
taken 1.4 fm. In SMM Vfree enters in the expression of the entropy corresponding to the
translational degrees of freedom.
Although a direct evaluation of the free volume for one fragmentation channel is indeed
difficult, this quantity can be simply evaluated for any fragment partition by means of
standard Monte Carlo. Such a study was recently performed in Ref. [9] for the case of
nonoverlaping identical spherical fragments and also for nonidentical ones sampled according
to a simplified canonical ensemble. In the case of real fragmentation we have to deal with a
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very large number of different fragment partitions. Not only the multiplicity, as suggested by
formula (1), influences the free volume of a fragment partition but also the size distribution
of the fragments forming the given partition. Also, especially at low excitation energies some
fragment configurations which are correct from the above-commented geometrical point of
view may be forbidden due to an unacceptably large Coulomb repulsion energy. Moreover,
the probability of a given fragment partition for a given excitation energy of the system is
proportional to the microcanonical weight of the given partition. All these effects are sharply
accounted for in the microcanonical multifragmentation model [7] and the real free volume is
implicitly considered for any fragment partition (by the procedure of rejecting the forbidden
moves - see the detailed description of the simulation in Refs. [7]). By means of this model
a mean free volume is evaluable for each excitation energy of the source nucleus. It should
be recalled that the simulation consists of generating an arbitrary and ergodic trajectory
through the configuration space and in correcting this trajectory with a factor deduced from
the detailed balanced equation. The primary arbitrary trajectory is a succession of ”fission”
and ”fusion” moves [7]. At each move the fragments (the ”fission” or ”fusion” products)
positions are sampled into a spherical ”recipient” which is the freeze-out volume. Fragments
are considered as nonoverlapping (except a small diffuseness length) and no intersection
between the fragments and the spherical recipient is allowed. For taking into account the
fragment nonoverlaping restriction the hard core interaction is introduced: Vhc(ri, rj) = 0 if
|ri − rj| ≥ Ri + Rj − d and Vhc(ri, rj) = ∞ otherwise. Here d is the diffuseness length and
in this work is chosen to be as in SMM 1.4 fm, ri is the position of the fragment i and Ri
(= r0A
1/3
i ) its radius. The nonintersection between the fragments and the recipient walls is
accounted for in the model by rejecting the move if R − ri < Ri where R is the radius of
the freeze-out recipient. An account, Ntries, is increased just before choosing the position
of the resulting fragment in the case of the fusion move and before choosing the position
of the second fission product in the fission move. Another account, Ns, is increased if the
move is successful, i.e. has passed the test of nonoverlapping with the other fragments and
nonintersection with the recipient walls. It is then obvious that for a sufficient number of
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where Vfree is the free volume for a given partition, V is the freeze-out volume and 〈·〉 means
average over all events appearing in the simulation. Using the notations described earlier,









By means of formula (3), 〈Vfree/V0〉 was computed in the case of three sample nuclei: (70,32),
(130,54) and (190,79) for excitation energies ranging from about 1.5 MeV/nucleon up to
around 15 MeV/nucleon in the case of two freeze-out radii: 1.73 A1/3 and 2.25 A1/3 fm, i.e.
κ = 2 and κ = 5.59 respectively. The above radii correspond to two freeze-out hypotheses:
SMM like and microcanonical like. The result is presented in Fig. 1 versus the excitation
energy of the system. One may observe that while in the first hypothesis 〈Vfree/V0〉 takes
values from 0.2 to 0.7, in the microcanonical like hypothesis this quantity lays in the interval
1.3 to 2.7. An increasing character of the 〈Vfree/V0〉 (Eex) curves may be observed in all
cases. An interesting behavior of the 〈Vfree/V0〉 (Eex) curves may be noticed in the κ = 5.59
case for all considered sources and in the κ = 2 case only for the (70,32) source. Thus,
a large plateau-like region appears exactly in the transition like excitation energy region
characterized by a nearly constant nuclear temperature [6]. Even backbendings may be
observed in some cases. In this respect, a detailed view of the 〈Vfree/V0〉 (Eex) curve for
the (70, 32) source in both freeze-out hypotheses is represented in Fig. 2. A well defined
backbending region can be observed in both cases. The global lifting of the 〈Vfree/V0〉 (Eex)
curves with increasing the source dimension is obviously a finite size effect. Indeed, it can be
observed that the increase of the source dimension tends to diminish the differences between
the free volume curves (see for example Fig. 2).
In order to make a direct comparison between the SMM parametrization of the free
volume [eq. (1)] and the microcanonical free volume the 〈Vfree/V0〉 values are represented
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as a function of the average total fragment multiplicity divided by the mass number of the
source nucleus (〈M/A〉) in Fig. 3. The χ(M/A) curves deduced from equation (1) are also
represented in Fig. 3 for the case of A=70, A=130 and A=190 nuclear sources. First,
it can be observed that in all cases, for the SMM like freeze-out hypothesis (κ = 2), the
SMM curves have a much larger increasing slope than the microcanonical 〈Vfree/V0〉 (〈M/A〉)
ones, the only intersection region being for multiplicities corresponding to excitation energies
around 1.5 MeV/nucleon. It means that, in its usual working hypothesis (ρ = ρ0/3), SMM
dramatically overestimates the free volume. It is interesting that the terminal part of the
SMM free volume curves [eq. (1)] intersect the microcanonical curves from ρ = ρ0/6.59
which is the usual parametrization the present microcanonical model [6]. It is natural to
expect that this deviation may influence many of the model observables. For example, as it
results from Fig. 3, a variation of (Vfree/V0)(M/A) similar to SMM would manifest in the
present microcanonical model if κ is variated from 2 at around 1.5 MeV/nucleon excitation
energy to more than 5.59 at 15 MeV/nucleon excitation energy. As demonstrated in [6]
the freeze-out volume variation generates a variation of the nuclear temperature values in
the transition region which accentuates the caloric curve plateau horizontality or generates
backbendings. It thus appears that this kind of deviation may importantly affect the aspect
of the caloric curve. In this sense, it is instructive to analyze the difference between the
SMM caloric curve calculated for different Vf/V0 and κ parametrizations from Ref. [10].
In conclusion, the microcanonical multifragmentation model from [7] is used to evaluate
the free volume corresponding to three source nuclei, (70,32), (130,54) and (190,79), in the
case of two freeze-out hypotheses (ρ = ρ0/3 and ρ = ρ0/5.59) for total excitation energies
ranging from about 1.5 to about 15 MeV/nucleon. It can be observed that in all cases except
(130,54) and (190,79) at ρ = ρ0/3 plateaus or backbendings are interrupting the monoton-
ical increase of the (Vfree/V0)(Eex) curves. The result is interesting as these effects take
place in the same excitation energy region as the caloric curve plateau which is considered
to be related to a liquid-gas phase transition. The deviations between the 〈Vfree/V0〉 (Eex)
curves tending to diminish with increasing the source dimension are finite size effects. The
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comparison between the microcanonically predicted 〈Vfree/V0〉 (〈M/A〉) curves and the cor-
responding parametrization used in SMM (given by eq. (1)) for κ = 2, which is the generally
used freeze-out hypothesis for the above mentioned model, shows an important discrepancy.
This reflects a physical inconsistency of the SMM model parametrization which may affect
many of the calculated observables, including the nuclear caloric curve. It is interesting to
observe that the SMM free volume curves intersect the microcanonical ones corresponding
to κ = 2 at around 1.5 MeV/nucleon and those corresponding to κ = 5.59 at multiplicity
values corresponding to the middle of the considered excitation energy domain. It results
that such kind of free volume variation is obtainable in the microcanonical model frame if
κ would be variated between 2 at the beginning of the energy domain to more than 5.59 at
its end. These observations are of good help in elucidating the source of the discrepancies
between the SMM and the microcanonical usually used freeze-out hypotheses.
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